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FOREWORD

We experimentally studied the dispersion characteristics of the
dielectrically loaded waveguide, one of the slow wave structures that broadens
the bandwidth of the gyrotron amplifier. The waveguide is composed of an
aluminum cylinder. Within and concentric to this cylinder is a dielectric
cylinder the outer radius of which is touching the metal cylinder.

The mode of interest is the azimuthally symmetric TEo mode. The mode
was studied by perturbing the field of a resonant cavity weth the same cross
section as the waveguide. From a large number of resonances the family of
resonances belonging to the TE cavity mode were identified (n is the axial
mode number). Positive identification of the modes was based on determining
the axial and aximuthal mode numbers. This was accomplished by noting the
change in output power of the cavity as a small metal perturber was pulled
along or rotated about the axis of the cavity.

The parameters that were experimentally varied were the thickness and
dielectric constant of the dielectric cylinder.
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SECTION 1

INTRODUCTION

The gyrotron is a vacuum tube capable of producing high (10 KW avg) power

output in the millimeter and sub-millimeter wavelength region. Its recent

application to millimeter wave radar and nuclear fusion could be greatly

enhanced if wide instantaneous bandwidths were available. Choe and Uhm I

4', indicate that wide instantaneous bandwidths are possible with various slow

wave structures. This project investigates those slow wave structures to

experimentally verify the predictions.

In a microwave tube such as a gyrotron the energy from an electron beam

is converted to RF energy. Figure 1 shows a dispersion curve for an electron

beam mode w B(k), and a dispersion curve for a vacuum waveguide mode,

w G(k). The dispersion curve for an electron beam is given by

wB= kVz + wc

eB0
c mc

where V is the velocity of the electron in the axial direction, wc is the

cylotron frequency, e the charge on an electron, 80 the D.C. magnetic field

strength, m the electron mass, c the speed of light in a vacuum, and k the

axial wavenumber. The dispersion curve for the vacuum waveguide is dependent

on the internal slow wave structure. Energy conversion occurs only where the

two dispersion curves w1 and lG intersect. For the tube to be b-oadband the

1
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shape of the wG curve can be altered so that wG w B over a broad range of

frequencies. The reason wG, not wB, is changed is that it is much easier to

change a slow wave structure in a waveguide than an electron gun or magnetic

field structures that control the electron trajectory.

One purpose of these experiments is to investigate how the parameters of

a slow wave structure affect the shape of the dispersion curve, wG"

Specifically, in this experiment the dispersion characteristics of a

dielectric loaded waveguide are investigated. Diagrams of this structure are

shown in Figures 2 and 3. The parameters that were varied were the dielectric

constant of the dielectric cylinder and the relative thickness of this

cylinder measured by the ratio, Rw/Rc, defined later. The dielectric loaded

waveguide was chosen as a first experiment because the theory of the structure

is well known. Experimental results checked against this theory lend

credibility to the experimental method of mode identification.

Experimentally, the resonant frequencies of a dielectric loadbd cavity

were measured. From a large number of possible resonances, a particular

family of resonances belonging to a family of transverse electric modes, were

identified. This family of resonant modes are commonly used in gyrotons.

Positive identification of the modes was based on determining the azimuthal

and axial mode numbers. By counting the number of nulls in the output energy

of the cavity as a metallic probe was pulled along or rotated about the axis

of the cavity, the axial and azimuthal mode numbers were determined

respectively; the number of nulls being the mode number. Once the family of

resonances had been identified, the dispersion characteristic was obtained by

2
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plotting the resonant frequency of each family member against its

corresponding axial cavity wavelength.

3/4
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SECTION 2

THEORY

As illustrated in Figure 2, the system configuration consists of an

annular dielectric cylinder of outside radius Rc and inside radius Rw, located

inside and concentric with a cylindrical conducting waveguide of radius Rc.

The dielectric cylinder is referred to as region 2, and the empty volume

inside this cylinder is region 1. It is assumed that the waveguide walls are

infinitely conducting, and the dielectric is lossless. Cylindrical

coordinates, (r,O ,z) are used in this analysis.

In the subsequent analysis, we adopt a normal mode approach in which all

the components of the electromagnetic field are assumed to vary according to

*(X'(,,t) = *(r)exp [i(1e + kz - wt)] (1)

where w is the eigen frequency, k is the axial wave number, and X is the

azimuthal mode number.

Maxwell equations, in CGS units after Jackson, 2 for the electric and

magnetic field amplitudes can be expressed as

5
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V x =) : i(Wlc) )

(2)
V x ( ff 1 -)x

where c is the speed of light in vacuo, t( ) and ( ) are the electric and

magnetic fields respectively, and the electric current density, x( )

vanishes except at r = Rc*

At r = Rc the boundary conditions require that the tangential electric

field and the normal magnetic field must vanish at the surface of a conductor,

i.e.,

Eo(r = RC)

Ez (r = Rc) O, (3)

B r(r = R c) = 0.

At r = Rw, the interface between the dielectric and air, the boundary

conditions require that the tangential component of the electric and magnetic

fields are continuous and the normal components of the electric displacement

field, and the magnetic field are continuous, i.e.

" EIErl (r : Rw) = 2Er2(r Rw), Brl(r : Rw) = Br2 (r = Rw),

E 0l(r = Rw) : E e 2(r : Rw), B0I (r = Rw) B01 (r = Rw), (4)

2

Ez(r= Rw ) = Ez2 (r = Rw), Bzi(r = Rw) = Bz2 (r = Rw).

6....... .>
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The number on the subscripts refer to region 1 or region 2.

From Maxwell's equations in cylindrical coordinates it can De shown that

the differential equation for the axial components of the electric and

magnetic fields are

(a X22 2 Ez(r )

r (rk)) z r) (5)
r c

Matching Ez and Hz boundary condition at R. and Rw we get solutions to

Eq. (5),

J(PIr), 0 < r < Rw

E z(r) = a j J (RcP2 )N (rP2) - N (RcP2 ) J (rP2 ) R > r A (6)
J(PR) NE(RwP 2) R ) _jX(RwP 2 ) Nt(RcP 2 ) , c w

for the electric field, and

B (r) b j(Pr r Rw (7)
z J(RcP2 )NI(rP2) - N(RcP2 )J (rP2) R rR

' JQ(P 1RW) N I(RwP2)J,'(RcP2) _ J(RwP2)N(R cP2) C w

for the magnetic field. In equations (6) and (7), a and b are constants,

J . (x) and N . (x) are the Bessel functions of order X of the first and

second kinds respectively, the prime (') denotes differentiation of the Bessel

functions with respect to x, and the parameter P is defined by

7
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2 2 2
Pm = IEw/c - k

Of the equations obtained by application of the remaining boundary conditions,

those obtained by matching Br and Be are one of two pairs that are linearly

independent.

From Maxwell's equations (2) the azimuthal component of the magnetic

field, B8 , is expressed as

Be 1 1 -a +i , (8)
Bo  -2 r aOz c

and the radial component, Br, is expressed as

2

Br = - [Bz i€ l (9)r araz c rae

Substituting equations (6) and (7) into equation (9) and substituting this

result into the Br boundary condition of equation (3) we can solve for the
)r

ratio of a and b. Next, substituting equation (6) and (7) into equation (8)

and substituting that result into the B0 boundary condition of equation (3)

with the above result for the ratio of a and b, the following dispersion

relation is obtained;

k e1- £2 2
c- ( 2 z)J(PIRw)] = DE (,k) DM(wk), (10)

W PI P2

where DE, the transverse electric dielecric function, is given by

8
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,' R - -,k R ,

D J(Rw i) Jx(RwPi) Nt(R,P2) Jt (RcP2) - N C (RcP 2 ) J' (RwP 2 )
E PI P2  N--R wP2) Jj (RcJ2 ) - Nj (RcP2 ) JX (RwP2 )

and DM, the transverse magnetic dielectric function, is given by

DM = 1  c. R~1 2J(RwPI) N (RwP2)J(RcP2) - N (RcP2)JI (RwP2)

DMwP, -J 2 NX (Rw R PN (RwP2)Jk(RcP2) - Ni(RcP2)JI(RwP2)

In general these modes are hybrid, but. when the mode is azimuthally symmetric

(i.e. I = 0), the modes are either transverse magnetic or transverse

elecric. The modes of interest in this experiment are the TE01 , where the

azimuthal mode number is 0 and, the radial mode number is 1. For X= 0

equation (10) becomes DM( w ,k)DE( w ,k) = 0. Two solutions to this equation

are DM( w ,k) = 0 and DE( w,k) = 0. We are interested in the transverse

electric case DE(w,k) = 0.

This is the dispersion relation for the TE01 mode. From equation (11)

DE(k, w ) for a given w is symmetric in the axial wave number k [DE(-k,w ) =

DE(k, w )]. This means identical traveling waves propagating in the positive

and negative axial direction exist. These waves when combined form standing

waves. Standing waves can be produced by terminating the infinite waveguide

with conducting plates and forming a cavity. For a cavity, equation (1)

becomes

sin kzp= (r) exp i[(XB-wt)] cos kz (13)

The axial number k becomes n w/L where L is the axial length of the cavity and

9
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The axial number k becomes n n/L where L is the axial length of the cavity and

n is the axial mode number. The azimuthal and radial cavity mode patterns are

the same as those of the waveguide; thus the cavity can be used to determine

the waveguide dispersion characteristics. The cavity modes of interest are

the TE01n modes corresponding to the TE01 waveguide mode.

10
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SECTION 3

EXPERIMENTS

The purpose of this experiment is to verify the theoretical dispersion

relation derived in Section II for the dielectric clad cavity. The dispersion

relation is an expression relating the frequency, w , and the wave number,

k. From this relation the phase velocity and group velocity of the wave can

be measured. The phase velocity, vp = w/k, and the group

velocity, vg = dw/dk

To experimentally determine the relation between w and k those resonant

frequencies belonging to the TE01 mode have to be identified, and the

wavelength of those modes from which k can be determined has to be measured.

To determine the wavelength of a given mode the distance between

successive peaks of the field in the axial direction of propagation has to be

measured.

To identify the modes, in addition to axial characteristics of the field

mentioned above, the azimuthal and radial characteristics of the field have to

be measured. It is shown in Section 2 that if the dispersion relation is

symmetric in k, [w(k) = w(-k)] for a given w, the azimuthal and radial field

configuration will be unchanged by converting waveguide to cavity. The

advantage of using a cavity over waveguide in measuring field configuration is

11
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the standing wave in a cavity is spatially static and therefore much easier

to measure than the traveling wave in the waveguide. Each cavity resonance

will yield a standing wave mode that corresponds to one of the continuous

waveguide modes. For a given waveguide mode the cavity has a resonant

frequency at each value of the wave number, k, where k = n w/L.

Each resonance is a discrete point on the continuous waveguide dispersion

curve.

A. Experimental Apparatus

The experiment is centered around the dielectric clad cavity. A

photograph of the cavity with one of the end plates removed is shown in Figure

3. Figure 4 is a diagram of the cavity cross section. The cavity is a hollow

aluminum cylinder with an inside radius, Rc = 3". For reasons to be discussed

in the next section, the length of the cavity was varied. Lengths of 2

inches, 4 inches, and 6 inches were used. Inside the aluminum cylinder is a

concentric dielectric cylinder with an inner radius of Rw composed of pourable

dielectric powder. The dielectric powder was held in place by a thin walled

hollow styrofoam cylinder. This cylinder was carefully machined because it

was found that slight variations in the magnitude of Rw affect field

profile. A low density styrofoam, c=1.029, was used because its dielectric

constant is close to that of air making it transparent to the field. Two of

the cavity parameters that affect the dispersion relation are the dielectric

constant and the thickness of the dielectric cylinder. The dispersion curves

were measured for cylinders with relative permittivity of 4.5 and 14. For

each dielectric the cylinders had thicknesses where Rw/Rc = 0.9 and 0.8.

12
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Rw/Rc is the ratio of the inner to the outer radius of the dielectric cylinder

(See Figure 4).

The probe is a thin copper disk attached to a styrofoam wand. The wand

is attached perpendicularly to a thin, 1/16" diameter, lucite rod. The rod

lies along the axis of the cavity and exits both ends of the cavity through

holes drilled in the end plates. With the rod the probe can be translated

along or rotated about the axis of the cavity (see Figures 3 and 4).

Figure 5 is a photograph of the experimental apparatus and Figure 6 is a

schematic of the apparatus. Microwave power is fed into the cavity by a sweep

oscillator through an input coupler composed of a 1/8" diameter loop of wire

that penetrates the cavity through one of the end plates. The output coupler

is identical to the input coupler and enters the cavity through the opposite

end plate. The couplers are located at a radial distance of 1.5 inches from

the axis of the cylinder. The loops of the couplers lie in the same plane and

are connected together so that they rotate simultaneously.

The output coupler is fed into a spectrum analyzer. The output power at

a given input frequency to the cavity is proportional to the height of the

peak on the spectrum analyzer. The vertical output of the spectrum analyzer

is fed into the vertical input of a chart recorder. The lucite rod that

carries the probe is connected to the carriage of the chart recorder with

nylon thread. The other end of the lucite rod is attached to a counter weight

with nylon thread. Starting the internal linear horizontal drive of the chart

recorder pulls the probe through the cavity and records the changes in the

13
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field due to the perturbation of the probe.

B. Mode Identification Method

Experimentally the resonant frequencies of a dielectrically loaded cavity

were measured. From a large number of possible resonances a particular family

of resonances belonging to the TE01n modes, mostly used for the gyrotrons,

were identified. For positive identification of these modes, it was

sufficient to determine the azimuthal and axial mode numbers. The radial mode

numbers were not necessary because the TEOln and TE02n modes are sufficiently

far apart in frequency not to be confused.

The field configuration was identified by perturbing the cavity field

with a small metal probe and observing the change in output power caused by

the shift of the resonant frequency. Positions where the electric field is

maximum are perturbed the most and can therefore be located with respect to

zero electric field where perturbations are minimal. Variations in the

electric field in both the axial and azimuthal direction were measured. To

measure the axial variation of the field a resonance is first located. This

is done by removing the effect of the probe by shorting it against an end

plate. The sweep oscillator is tuned until a resonance peak is observed on

the screen of the spectrum analyzer; the probe is then pulled along the cavity

axis by the chart recorder carriage. As the probe is moved it disturbs the

field by causing a slight change in the resonant frequency of the cavity.

Since the oscillator is initially tuned to the maximum of the resonance, a

shift in cavity resonance results in the oscillator being tuned

14
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to other than a maximum. This is seen on the spectrum analyzer screen as a

change in the height of the output power. The chart recorder records the

relative variations in the field as the probe is pulled through the cavity.

Thus, the chart recorder records a negative of the field configuration; areas

of maximum chart recorder amplitude are regions of minimum field strength and

vise versa.

To measure the azimuthal variation of the field the lucite rod that

carr4es the probe is detached from the chart recorder carriage. Keeping the

axial position fixed, the probe is turned about the axis of the cylinder while

the chart recorder carriage is moving, recording the azimuthal variation in

the field.

Counting the number of nulls on the recorder image as the probe is pulled

along or rotated about the cavity axis, determines the axial and radial mode

number respectively. Figures 7 and 8 show the chart recorder output for the

TE011 and TE0 12 modes for a dielectric constant of 4.5 with the ratio

Rw/Rc = 0.9.

C. Results

Obtaining a probe which has reasonably measurable effects on the field is

a problem and usually requires a few trials before success is obtained. To

illustrate this point, it can be seen from Figure 9, that the maximum field

strength is in the dielectric. For a probe to make a measurable perturbation

of the field it should be in the dielectric, as close to it as possible, or

15
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large enough to intersect a significant portion of the electric field. In the

first experiments the dielectric powder was held in a place with a solid

styrofoam cylinder. A small metal needle lying parallel to the axis of the

cavity was pulled through the dielectric powder. This probe had little

measurable effect on the field because it didn't have enough surface parallel

* to the electric field. A probe with a larger crossectional area couldn't be

pulled through the dielectric powder. The solution was the probe

configuration and hollow styrofoam cylinder shown in Figure 3. The circular

copper probe could made as large as needed and as close to the region of

maximum field in the dielectric cylinder as necessary to get a measurable

perturbation of the field.

Figure 10 shows the effects of probe diameter on the field

configuration. The effect of the larger probe was to distort the field

profile. Although the field was distorted by the probe, the azimuthal and

axial symmetries on which mode identification was based were preserved. In

fact some distortion enhanced the field picture by exaggerating the

differences between regions of high and low fields.

To avoid too much distortion it was found that probe diameter should be

small compared to the wavelength and therefore should decrease with increasing

frequency. On the other hand, the probe should increase in diameter with

increasing dielectric constant. With a large dielectric constant most of the

electric field was confined to the dielectric cylinder; thus a large diameter

probe was required to intersect enough electric field in region 1 to induce a

detectable perturbation (see Figure 9).

16
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Mode density is the limiting factor in identifying modes at high

frequencies. Overlapping modes make identification difficult. It is well

known that the number of modes in a cavity in a unit frequency interval

increases with the square of the frequency and with the volume. Therefore,

for a unit interval about a given frequency, the number of modes can be

decreased by decreasing the volume of the cavity. The cavity volume in this

experiment was decreased by decreasing the cavity length. Cavity lengths of 2

inches, 4 inches and 6 inches were used. As an example, from Table 1,

consider the TE011 mode of a dielectric clad cavaity with Rw/Rc = 0.9 and E :

14.0. This mode for a 6 inch cavity length resonates at 2285 MHz while the

same mode for the 2 inch cavity resonates at 2912 MHz. Higher frequency

points on the dispersion curve can be obtained using the shorter cavities.

Coupling energy into the cavity at higher frequencies and dielectric

constants is also a problem. Referring to Figure 9, as frequency and/or

dielectric constant was increased, the field concentrates in the dielectric.

The couplers initially penetrated the end plates a radial distance of 1.5

inches from the axis of the cavity. For low frequencies and/or low dielectric

constants the modes have enough electric field flux in region 1 for the probe

to make a measurable perturbation on the field. This is not the case for high

frequencies and/or high dielectric constants. To remedy this situation the

couplers were placed so they penetrated the dielectric cylinder. Since this

is the location of maximum field strength, maximum coupling with these modes

was achieved, increasing the field strength in the region 1 of the cavity and

allowing the probe to have a measurable effect on the output power.

17
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Four experimental dispersion curves were produced. One for each

combination of dielectric powder and cylinder thickness. Tables 1 and 2 show

the data for these experiments. The data are plotted in Figures !1 and 12.

The solid curves are the theoretical values while the points are the

experimental results. The agreement between theory and experiment is

considered good; within thr e percent for all the data.

Referring to the dispersion curves in Figures 11 and 12 the w = ck is the

dispersion relation for light in a vacuum, and the w = ck/Ve is the

dispersion relation for light in a dielectric medium of dielectric constant,

e . The area above the w = cK curve is called the fast wave region because

the phase velocity, w/k, is greater than the speed of light. The area below

this curve is the slow wave region. As frequency is increased, all the

dispersion curves cross from the fast wave region into the slow wave region,

and approach the w = ck/Ve wave asymtopically. This is because the field

concentrates in the dielectric as frequency and/or dielectric constant

increase. At high enough frequencies almost all the field is in the

dielectric cylinder, making the dielectric cylinder appear to the field as if

were a continuous dielectric medium.

It can be seen from the data that as dielectric constant and/or

dielectric cylinder thickness are increased, the curves cross into the slow

wave region at lower frequencies and approach the w = ck/VE curve

18
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asymptotically at a faster rate. The group velocity, Vg = dw/dk, , becomes

nearly constant and its slope decreases. Thus by adjusting the parameters of

dielectric constant and cylinder thickness the shape of the dispersion curve

can be controlled.

.2

.1
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SECTION 4

CONCLUSIONS

In this experiment selected properties of electromagnetic wave

propagation in a dielectric loaded waveguide have been investigated. The

dispersion relations for the waveguiae were obtained by examining the

resonances of a cavity with the same radial cross section as the waveguide.

From a large number of resonances, those belonging to the TEoQn mode were

identified. The dispersion relation of these modes was obtained by plotting

the resonant frequency against the axial cavity wavelength.

The agreement between theory and experiment was considered good. The

largest deviation between theory and experiment was three percent while most

of the measurements were within one percent.

The close agreement between theory and experiment gives confidence that

the method of mode identification used in this experiment can be used to

measure the dispersion characteristics of other slow wave structures.

21
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FIGURE 1. DISPERSION CURVES OF AN ELECTRON BEAM MODEL
AND A SLOW WAVE STRUCTURE
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4

FIGURE 3. DIELECTRIC LOADED CYLINDRICAL CAVITY
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Z VARIATION
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FIGURE 7. AXIAL AND AZIMUTHAL VARIATION OF TE011 MODE 2521 MHZ
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FIGURE 8. AXIAL AND AZIMUTHAL VARIATION OF TE 012 MODE 3030.5 MHZ
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FIGURE 10. EFFECTS OF PROBE SIZE ON AXIAL VARIATION OF TE0 12 EMPTY
CAVITY MODE 3087 MHZ 1
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FIGURE 11. DISPERSION CURVES OF DIELECTRIC LOADED CAVITY
FOR DIELECTRIC CONSTANT, C- 4
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FIGURE 12. DISPERSION CURVES OF DIELECTRIC LOADED CAVITY FOR
DIELECTRIC CONSTANT, C=14
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TABLE 1. DATA FOR DIELECTRIC LOADED CAVITY C=4.0

6" DIA. CAVITY TEOIN MODES

FREQUENCY (MHZ)

( 1/CM) RW/RC = .9 RW/RC =.8
CAVITY LENGTH 13 = 21rt/X N THEORY EXP. THEORY EXP.

6" .2068 1 2543 2521 2248 2253

6" .4136 2 3041 3030 2629 2590

6" .6204 3 3718 3690 3094 3123

6" .8272 4 4478 4435 3557 3516
6"' 1.0340 5 5249 5194 4002 3948

6" 1.2408 6 4435 4372

4" .3102 1 2762 2751

4" .6204 2 3718 3364

4" .9306 3 4867 4772

4" 1.2408 4 5947 5T1'

2" .6204 1 3718 3620 3094 3029

2" 1.2408 2 5947 5760

2" 1.8612 5730 5515

34

. -p" € "" - ' ; ' '' * ; ' .i '""f °' ' , , I ' ; ' ; ; : : i : ' ':l I .L ." " " " . -.2*N ;k ?..; 1 .- .. '' . .) ; . 2. .:. ." " ''" " " " ,.. . . .... " ' ' ,*- .," ' :,



NSWC TR 84-338

TABLE 2. DATA FOR DIELECTRIC LOADED CAVITY C=14.0

6" DIA. CAVITY TEOIN MODES

FREQUENCY (MHZ)

(1/CM) RW/RC = .9 RW/RC = .8
CAVITY LENGTH 93=21r/Xi N THEORY EXP. THEORY EXP.

6" .2068 1 2285 2270 1461 1421

6" .4136 2 2602 2563 1625 1656

6!" .6204 3 2912 2912 1821 1820

6" .8272 4 31C3 3123

4" .3102 1 2435 2423

4" .6204 2 2912 2865

4" .9306 3 3280 3212

2" .6204 1 2912 2876 1821 1774

2" 1.2408 2 3606 3554 2378 2446

,le
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